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Abstract
We derive the expression of the reference distribution function for magnetically confined plasmas far from the ther-
modynamic equilibrium. The local equilibrium state is fixed by imposing the minimum entropy production theorem
and the maximum entropy (MaxEnt) principle, subject to scale invariance restrictions. After a short time, the plasma
reaches a state close to the local equilibrium. This state is referred to as the reference state. The aim of this letter
is to determine the reference distribution function (RDF) when the local equilibrium state is defined by the above
mentioned principles. We prove that the RDF is the stationary solution of a generic family of stochastic processes
corresponding to an universal Landau-type equation with white parametric noise. As an example of application, we
consider a simple, fully ionized, magnetically confined plasmas, with auxiliary Ohmic heating. The free parameters
are linked to the transport coefficients of the magnetically confined plasmas, by the kinetic theory.
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1. Introduction
The objective of the work is to provide the ground state - distribution function, indicated with F R, that will act as a
reference distribution function (RDF) for the perturbative calculus which is done in the plasma-gyrokinetic (GK) sim-
ulations. The work is a combination of two interesting lines of analytical developments: the mathematical theory of
distribution functions under constraints [1]-[2] and the mathematical framework for the theoretical description of the
thermodynamic processes using differential geometry concepts [3]-[4] . It is expected to be a useful contribution in the
field of plasma-gyrokinetic simulation, a crucial step for simulating turbulent, magnetically confined plasmas. Indeed,
starting from an arbitrary initial state, collisions would tend, if they were alone, to bring the system very quickly to a
local stationary state. But the slow processes i.e., the free flow and the electromagnetic processes, prevent the plasma
from reaching this state. The result is that, after a short time, the plasma reaches a state close to the local equilibrium.
This state is referred to as the reference state. From here on, the distribution function evolves on the slow time scale.
Notice that the local equilibrium state (LES) is not a state of thermodynamic equilibrium, because the latter must be
homogeneous and stationary. The aim of the letter is to determine the expression of F R, for open thermodynamic
systems close to a local equilibrium state, by statistical thermodynamics. The RDF is obtained by perturbing the local
equilibrium state. The LES is defined by assuming the validity of a minimal number of hypotheses: the minimum en-
tropy production principle (MEP) and the maximum entropy principle (MaxEnt principle) under two scale invariance
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restrictions. We recall that the MEP establishes that, in the Onsager region, if the matrix of the transport coefficients
is symmetric, a thermodynamic system relaxes towards a stable steady-state in such a way that the rate of the entropy
production strength, σ, is negative. The inequality is saturated at the steady-state. F R is determined in three steps.
First we consider open thermodynamic systems obeying to Prigogine’s statistical thermodynamics. Successively, we
define the local equilibrium state defined by assuming the validity of the MEP and the MaxEnt principle. Finally, we
link the Prigogine probability distribution function with particle`s density distribution function.
Prigogines statistical thermodynamics theory starts from the probability distribution of finding a state in which the
values of the fluctuation of a thermodynamic variable, βi, lies between βi and βi + dβi. This probability distribution is
F = N0 exp[−∆IS ] (1)
where N0 ensures normalization to unity, and we have introduced the dimensionless (density of ) entropy production
∆IS [6]. Suffix I stands for irreversibility. We suppose that the system is subject to N˜ thermodynamic forces. The
thermodynamic forces defined as Xκ = ∂∆IS /∂βκ, and the thermodynamic flows defined as Jκ = dβκ/dt, are linked
each others by the following equations [7]
∆IS =
∫ β
βeq.
dIS ;
dIS
dt
=
N˜∑
κ=1
XκJk =
∫
σdx ≥ 0 (2)
with dx denoting the spatial volume element and the integration is over the whole volume occupied by the system.
Notice that dIS is not an exact differential. In the next section, we briefly derive the general expression of the reference
distribution function by statistical thermodynamics. The derivation of a family of stochastic differential equations
(SDE), admitting the F R as stationary DDF solution, can be found in Sec. 3. A concrete example of calculation,
concerning fully ionized, magnetically confined plasmas, is illustrated in Sec. 4. Finally, conclusions are given in
Sec. 5.
2. Reference distribution function and definition of the local equilibrium state
In this section, we derive the form of F R by following a purely thermodynamic approach. As usual, the gyro-kinetic
(GK) theory makes often use of an initial distribution function of guiding centers. In the GK simulations, as well as in
the GK theory, this initial distribution function is usually taken as a reference DDF if it depends only on the invariants
of motion and it evolves slowly from the local equilibrium state i.e., in such a way that the guiding centers remain
confined for sufficiently long time. After a short transition time, the state of the plasma remains close to the reference
state, F R, which results in a small deviation of the local equilibrium state (LES). The expression of the coefficients of
the F R will be determined in the next section by kinetic theory. The reference DDF is obtained by perturbing the local
equilibrium state. The procedure reported in Ref. [2] refers to an open system subject to N˜ thermodynamic forces
with the local equilibrium state determined by the following two conditions.
i) The local equilibrium state corresponds to the values of the N Prigogine′s type (fluctuating) variables βi (with
N < N˜) for which the entropy production tends to reach an extreme.
This special class of variables βi will be denoted as αi. Hence, αi with i = 1, · · · ,N < N˜, are the fluctuating variables
βi of Prigogine’s type. By definition, a fluctuation is of Prigogine ’s type if the entropy production is expressed in
quadratic form with respect to these fluctuations (for an exact definition of Prigogines fluctuations refer to Refs [6],
[7]). Under this assumption, close to the local equilibrium and around the extreme value ∂∆IS/∂ακ |α1···αN =0 = 0 (with
κ = 1, · · · ,N), the entropy production can be brought into the form
− ∆IS = g0(β¯) − 12
N∑
i, j=1
gi j(β¯)αiα j + h.o.t. (3)
Here, β¯ stands for the vector (βN+1, · · · , βN˜) and h.o.t. for higher order terms. Hence, β¯ denotes the set of fluctuations,
which are not of Prigogine’s type. Notice that the general DDF, F , becomes a reference DDF F R when the expression
of entropy production is given by Eq. (3). The DDF related to the variables β¯, at αi = 0 (with i = 1 · · ·N), reads
P(β¯) ≡ F R |α1···αN =0= N0 exp[−∆IS |α1···αN =0] = N0 exp[g0(β¯)] (4)
2
P(β¯) is determined by the following condition.
ii) At the extremizing values αi = 0 with i = 1, · · ·N, under the scale invariance restrictions, the system tends to
evolve towards the maximal entropy configurations.
Notice that in Eq. (3) coefficients gi j are directly linked to the transport coefficients of the system [2]. With these
coefficients we may form a positive definite matrix, which can be diagonalized, obtaining
− ∆IS = g0(β¯) −
N∑
i, j=1
δi jci(β¯)(ζi − ζ0i )2 + h.o.t. (5)
where δi jci(β¯) is a positive definite matrix and δi j denotes Kronecker′s delta. Eq. (5) allows describing the entire
process in terms of N independent processes linked to the N independent fluctuations ζ1, · · · , ζN . The expression
of the reference density of distribution function is now expressed through a set of convenient variables {ζi} (with
i = 1, · · · ,N) of the type, degrees of advancement (for a rigorous definition of these variables see, for example,
Ref. [8]. See also the footnote 1)
As a concrete example of calculation, we shall analyze magnetically confined plasmas. In the case of an axisymmetric
magnetically confined plasma, after having performed the guiding center transformation, four independent variables
are used as orbit coordinates [9]. These variables are defined as follows. One of these is the poloidal magnetic flux,
ψ, which for simplicity we consider not to be a fluctuating variable. Plasma is then subject to three thermodynamic
forces (i.e., N˜ = 3), linked to the three (fluctuating) variables. One of these latter variables is the particle kinetic
energy per unit mass, w, defined as w = (v2‖ + v
2⊥)/2 with v‖ denoting the parallel component of particle’s velocity
(which may actually be parallel or antiparallel to the magnetic field), and v⊥ the absolute value of the perpendicular
velocity [9]. The remaining two fluctuating variables are the toroidal angular moment, Pφ, the variable, λ. These
quantities are defined as (for a rigorous definition, see any standard textbook such as, for example, [9])
Pφ = ψ +
B0
Ω0c
Fv‖
| B | ≡ ζ1 ; λ ≡
µ
w
=
sin2 θP
2 | B | ≡ ζ2 with µ =
v2⊥
2 | B | (6)
Here Ω0c is the cyclotron frequency associated with the magnetic field along the magnetic axis, B0. | B |, F and
θP denote the magnetic field intensity, the characteristic of axisymmetric toroidal field depending on the surface
function ψ and the pitch angle, respectively. Pφ and λ are considered as two Prigogine′s variables. Notice that, even
though these variables depend on w, actually their variations are independent with each other. So Pφ, λ and w are three
independent variables [9]. We define our LES according to the conditions i) and ii) submitted to the two-scale invariant
restrictions E[w] = const. > 0 and E[ln(w)] = const. (where E[ ] is the expectation operation). From condition ii), we
obtain the expression of P(w). We found that P(w) is a gamma distribution function [2], [10]
P(w/Θ) = N0
(w
Θ
)γ−1
exp[−w/Θ] (7)
where we have introduced the scale parameter Θ and the shape parameter γ. The motivation for the choice of the
two-scale invariant restrictions (i.e., E[w] = const. > 0 and E[ln(w)] = const.) as well as the special mathematical
properties of the resulting DDF can be found in Section (3) and in Ref. [2]. We indicate with Γ̂ the space spanned by
the variables (ψ,w, Pφ, λ, φ,Φ), where φ and Φ are the toroidal angle and the gyro-phase angle, respectively. In this
space, the reference state takes the form dF̂ R = F RdΓ̂ with
dF̂ R = N0
(w
Θ
)γ−1
exp[−w/Θ] exp[−c1(w/Θ)(Pφ − Pφ0)2] exp[−c2(w/Θ)(λ − λ0)2] | J | dΓ̂ (8)
where the scripts 0 refer to (local) equilibrium values. The phase space volume element dΓ = dxdv is linked to the
volume element dΓ̂ by
dΓ =|J | dΓ̂ (9)
1We recall that, by definition, the degrees of advancement variables ζ j satisfy the condition limζ j→ζ0j ξi = 0 [6].
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with | J | denoting the Jacobian between dΓ and dΓ̂. We mention that if we interpret our reference DDF as a time
and ensemble average of the physical DDF describing turbulent plasma, then the singularity at w = 0 for 0 < γ < 1
can be related to the intermittency [2]. Notice that at the point with coordinates (Pφ, λ,w) = (Pφ0, λ0, (γ − 1)Θ), the
system satisfies the principle of maximum entropy and the entropy production reaches its extreme value. Let us now
suppose that c1,2(w/Θ) are narrow coefficients with small deviations from the expectation value. In this situation we
may expand coefficients c1 and c2 up to the leading order in w/Θ. By taking into account that (Pφ − Pφ0)2 ∼ v2‖ and
(λ − λ0) ∼ v2⊥/w, we get
c1(w/Θ) ' c(0)1 ≡
( 1
∆Pφ
)2
= const. ; c2(w/Θ) ' c(0)2 + c(1)2
w
Θ
≡ 1
∆λ0
(∆λ0
∆λ1
+
w
Θ
)
≥ 0 (10)
where ∆Pφ, ∆λ0 and ∆λ1 are constants. Finally, the expression for the density distribution function F R reads
F R = N0
(w
Θ
)γ−1
exp[−w/Θ] exp
[
−
(Pφ − Pφ0
∆Pφ
)2]
exp
[
−
(∆λ0
∆λ1
+
w
Θ
) (λ − λ0)2
∆λ0
]
| J | (11)
where N0 ensures normalization to unity ∫
Ω̂
dF̂ R =
∫
Ω̂
F RdΓ̂ = 1 (12)
with Ω̂ denoting the phase space-volume in the Γ̂ space. The presence of the free parameter c(0)2 is crucial. Indeed,
the absence of c(0)2 precludes the possibility of identifying the DDF, given by Eq. (11), with the one estimated by the
neoclassical theory for collisional magnetically confined plasmas (see, for example, Ref. [14]). In addition, it allows
describing more complex physical scenarios such as, for example, the modified bi-Maxwelian distribution function.
Last and not least, in some physical circumstances, the presence of c(0)2 is essential to ensure the normalization of the
DDF. Thermodynamics has been able to determine the shape of the DDF, but it is unable to fix the seven parameters
Θ, γ, Pφ0, λ0,∆Pφ,∆λ0,∆λ1. These coefficients are linked to the sources. For easy reference, we report the main
balance equations linking the RDF with the entropy sources (i.e., the flux entropy and the entropy production strength).
• The entropy flux equation
−
∫
V
dv [v − uα(x)]F αR(v, x) lnF αR(v, x) = 1
Tα
(JEL − JEOh. ) (13)
where V is the velocity-volume in the phase-space. uα(x) and Tα are the mean velocity and the the temperature of
species α, respectively. Moreover, JEL and JEOh. indicate the energy loss flux and the Ohmic energy flux, respectively.
• The entropy production equation
σα =
nα
τα
∆IS α = −
∑
β=e,i
∫
V
dv [lnF αR(v, x)]Kαβ (14)
Here τα and nα are the relaxation time and the number density of species α, respectively. Kαβ denotes the collisional
operator of species α due to β.
• The number density equation and the equation for the mean velocity
nα(x) =
∫
V
dvF αR(v, x) ; nα(x)uα(x) =
∫
V
dv vF αR(v, x) (15)
• The equation for temperature
nα(x)Tα(x) =
1
2
mα
∫
V
dv | v − uα |2 F αR(v, x) with α = (e, i) (16)
where mα is the mass particle of specie α.
Figs (1)-(3) illustrate three surfaces and contour-plots of Eq. (11) (estimated for unit values of the Jacobian and the
normalization coefficient) corresponding to the values w = EΘ (with E denoting the Euler number), Pφ = Pφ0 and
λ = λ0.
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Figure 1: Distribution function, Eq. (11), computed at γ = 1 + E, w = EΘ, ∆Pφ = 22.360, ∆λ0 = 50.00 and ∆λ1 = 30.2031
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Figure 2: Distribution function, Eq. (11) computed at γ = 1 + E, ∆Pφ = 22.360 and λ = λ0
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Figure 3: Distribution function, Eq. (11) computed at γ = 1 + E, Pφ = Pφ0, ∆λ0 = 11.111 and ∆λ1 = 50.00
.
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3. Generalized class of reference distribution functions subject to scale-invariant restrictions and family of
stochastic processes admitting these distribution functions as stationary solutions
Our aim is now to determine the class of stochastic processes whose stationary PDF includes F R as a special case.
Let us first consider the universal Landau type equation, which includes a multiplicative noise term σˆdW(t), with W
denoting the standard Brownian motion. In the Itoˆ formalism we can write
dw(t) =
(
χˆdt + σˆdW(t)
)
w(t) − ςw(t)2 dt (17)
where χˆ > 0 is the instability threshold, and the function ςw(t)2 is associated with the saturation of the instability
controlled by the linear term. This SDE includes the simplest soluble cases of the class of intermittency models [11],
[12], [13]. The stationary Fokker-Planck equation for the probability density function ρ(w) is [11]-[12]
∂
∂w
[(χˆw − ςw2)ρ(w)] − σˆ
2
2
∂2
∂w2
[w2ρ(w)] = 0 (18)
admitting the normalized solution
ρ(w) =
ςγ
Γ(γ)
wγ−1 exp[−ςw] with γ ≡ 2χ
σˆ2
− 1 > 0 (19)
with Γ(z) denoting the Gamma function. It is easily checked that solution (19) corresponds to Eq. (11) i.e., to the
probability density distribution function conditioned by E[w] = const. > 0 and E[ln(w)] = const.
Our analysis can be extended to the case where the MaxEnt principle is subject to the general restrictions
E[log(w)] = ν ;
∫ ∞
0
wςkρ(w)dw = E[wςk ] = µk (k = 0, 1, · · · , n) (20)
where the entropy S [ρ(.)] of probability density function (PDF) ρ(w) ≥ 0 is given by
S [ρ(.)] = −
∫ ∞
0
ρ(w) log(ρ(w))dw (21)
Here, ςk, µk, ν are real numbers. Observe that the class of restrictions on the PDF given by Eqs (20) are invariant under
scale transformations. Since we have to consider the important particular cases∫ ∞
0
ρ(w)dw = 1 ;
∫ ∞
0
wρ(w)dw = E[w] = µ1 (22)
it is clear that we must have n ≥ 1 and, in particular, ς0 = 0 ; ς1 = 1. From Eqs (22) we get µ0 = 1 and µ1 = T/m,
where T and and m are temperature and particle’s mass, respectively. By denoting with λκ, with 0 ≤ κ ≤ n + 1, the
Lagrange multipliers in the problem of maximizing the entropy given by Eq. (21), with the restrictions (20), we get
log[ρ(w)] = 1 −
n∑
κ=0
λκwςκ − λn+1 log(w) =⇒ ρ(w) = Cwγ−1 exp
[
−
n∑
κ=1
λκwςκ
]
(23)
where γ ≡ 1 − λn+1 and C ≡ exp(1 − λ0). Eq. (23) provides the generalized class of reference distribution functions
subject to the scale-invariant restrictions (20). Now, our aim is to determine a family of stochastic processes admitting
these distribution functions as stationary solutions. Let us consider the following stochastic differential equation
(SDE) for the random variable w(t) (which, in our case, corresponds to the energy per unit mass of an individual
charged particle). The equation in the Itoˆ form reads
dw(t) = (χˆdt + σˆdW(t))w(t) − M[w(t)] dt (24)
where M[w(t)] is the non-linear contribution able to ”saturate” the instability triggered by the linear term, with χˆ > 0.
So we should require that lim
w→∞
M(w)
w = +∞. As usual, W(t) is the Wiener process and σ is the intensity of the
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multiplicative noise. Notice that the SDE, Eq. (24), includes the simplest soluble cases of the class of intermittency
models [11], [12], [13]. Near w = 0+, the solution is dominated by the linear term. So the phenomenology described
by Eq. (24) is still related to the noise-driven intermittency if we require that lim
w→0+
M(w)
w = 0. As we have seen at
the beginning of this section, in the particular case M(w) = ςw2, the stationary solution of Eq. (24) is the gamma
distribution. Hence, the class of Eqs (24) includes the generic type of equations describing the instability growth, on
the positive semi-axes (which corresponds to our case), limited by the saturation term. We have slightly modified
this equation by adding the random multiplicative noise term σˆdW(t). The stationary Fokker-Planck equation for the
density distribution ρ(z) reads
∂
∂w
[
(χˆw − M(w))ρ(w)] − σˆ2
2
∂2
∂w2
[
w2ρ(w)
]
= 0 (25)
admitting, up to a normalization constant, the following steady state solution
ρ(u) = Cwγ−1 exp
[
−
∫
M(w)
w2
dw
]
; γ =
2χˆ
σˆ2
− 1 > 0 (26)
The general form of M(w), satisfying the conditions for w→ 0+ and w→ ∞, is
M(w) =
m∑
k=1
Akw1+κk with κk > 0 (27)
with the constraint that, at infinity, the coefficient of the leading term in Eq.(27) should be positive. From Eqs (26)
and (27) we obtain
ρ(w) = Cwγ−1 exp
− m∑
k=1
Ak
κk
wκk
 (28)
By comparing Eq. (28) with Eq. (23), we can link the exponents ςk used in the restrictions (20), in the optimization
in the MaxEnt principle, with the exponents κk appearing in the representation of the saturation term in Eq.(27). We
find κk = ςk and Ak = λkςk. Notice that, it turns out that, by intermittence mechanism, we obtain the same steady
state distribution function with resulting from the MaxEnt principle with the scale invariant restrictions.
4. Example of calculation. Fully ionized, collisional, magnetically confined plasmas
In this section, we shall give an answer to the following questions:
• For collisional magnetically confined plasmas, how much is the deviation χ of the RDF (F R) from the Maxwellian
F M , with χ defined as F R = F M(1 + χ) ?
• Does this deviation coincide with the one estimated by the neoclassical theory (see, for example, Ref. [14]) ?
As we shall see, the answer to the latter question is affirmative and, at the same time, such an identification with the
neoclassical predictions allows determining the free parameters appearing in the reference RDF, F R.
To this purpose, let us then consider fully ionized magnetically confined plasmas, defined as a collection of magnet-
ically confined electrons and positively charged ions. In the local triad (er, eθ, eφ) (for a rigorous definition refer, for
example, to [14]), the magnetic field, in the standard hight aspect ratio, low beta (the plasma pressure normalized to
the magnetic field strength), circular tokamak equilibrium model, reads (see, for example, Ref. [14])
B =
B0
q(r)
r
R0
eθ +
B0
1 + (r/R0)cosθ
eφ (29)
Here B0 is a constant having the dimension of a magnetic field intensity, and q(r) and R0 are the safety factor and the
major radius of the tokamak, respectively. In the magnetic configuration, given by Eq. (29), we have
ψ(r) = 2piB0
∫ r
0
r
q(r)
dr (30)
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According to our formalism, from Eq. (1) we see that two density distribution functions coincide if, and only if,
the entropy productions are identical for all values taken by the variables. The dimensionless entropy production of
species α (with α = (e, i)), ∆IS α, is derived under the sole assumption that the state of the quiescent plasma is not too
far from the reference local Maxwellian. The detailed calculation of these parameters can be found in Ref. [2]. In this
work we report only the final results and the followed mathematical strategy. In the linear Onsager region, and up to
the second order of the drift parameter , it is possible to show that ∆IS α, provided by Eqs (3) and (7), can be brought
into the forms [2]
∆IS e =
1
2
EΘ2e X
3
e
2
+
1
2
gˆe22X
1
e
2
+
1
2
gˆe11X
2
e
2 − gˆe12X1e X2e + h.o.t. ; ∆IS i =
1
2
EΘ2i X
2
i
2
+
1
2
gˆi11X
1
i
2
+ h.o.t.
where gˆα ≡ gαi j/g (with g indicating the determinant of the matrix gi j), and Xκe,i (with κ = 1, 2) are the electron (e) and
ion (i) thermodynamic forces. Coefficients gˆα are linked to the transport coefficients by the relations [2]
gˆe11 =
2
σ˜‖
(κ˜e‖σ˜‖ − α˜2‖ ) ; gˆe22 =
2
σ˜‖
(˜e‖ σ˜‖ − γ˜2‖ ) ; gˆe12 =
2
σ˜‖
(α˜‖γ˜‖ − δ˜e‖σ˜‖) ; gˆi11 =
2
κ˜i‖
(˜ i‖κ˜
i
‖ − δ˜i‖2) (31)
Where σ˜r, α˜r, κ˜αr indicate the dimensionless component of the electronic conductivity, the thermoelectric coefficient
and the electric (α = e) or ion (α = i) thermal conductivity, respectively. Moreover, γ˜‖, δ˜α‖ and ˜
α
‖ are the parallel
transport coefficients in 21 Hermitian moment approximation. By using the kinetic equations Eqs (13)-(16), we get
the numerical values of the remaining free parameters [2]
(Θe,Θi) = (4.1760 × 1018cm2sec−2, 2.2745 × 1015cm2sec−2) (32)
∆Pˆeφ = 182.278 ; ∆λˆ
e
0 → ∞ ; ∆λˆe1 = 581.268
(∆Pˆiφ)
−2 ∼ O(2) ; ∆λˆi0 → ∞ ; ∆λˆi1 = 286.236
where Pˆαφ ≡ Pα/(B0a2) (with ”a” denoting the minor radius of the tokamak), λˆ ≡ B0λ, and  denoting the drift
parameter. The electron and ion density distribution functions finally read
F eR ∝ exp
[
−
( wˆ − 0.5105
0.3096
)2 − ( Pˆ − 0.1651
182.278
)2 − ( λˆ − 0.5246
581.268
)2 ] |J | (33)
F iR ∝ exp
[
−
(103 × wˆ − 0.2780
0.1686
)2 − ( λˆ − 0.3984
286.236
)2 ] |J | (34)
where we have introduced the dimensionless variable wˆ ≡ w/v2the, with vthe ≡
√
2Te/me denoting the electron thermal
velocity computed at the center of the tokamak. By summarizing, the reference density distribution function F R,
given by Eq. (11), identifies with the reference DDF estimated by the neoclassical theory for collisional magnetically
confined plasmas in the Onsager region when the free parameters in Eq. (11) take the values given by Eqs. (32). In
coordinates wˆ, Pˆφ and λˆ (and ψ), the expressions of the reference DDFs are given by Eqs (33) and (34). Notice that in
this case c(1)2 = 0 (∆λˆ
α
0 → ∞) and the presence of the parameter c(0)2 (or of the parameter ∆λˆα1 ) is crucial.
5. Conclusions
Using statistical thermodynamics approach we have derived the general expression of the (density of) distribution
function F R for open thermodynamic system where the local equilibrium is fixed by imposing the minimum entropy
production theorem and the maximum entropy principle, subject to scale-invariant restrictions. The local equilibrium
is fixed by imposing the following conditions.
i) The minimum entropy production theorem is applicable to the fluctuations of Prigogine′s type (denoted by αi);
ii) The maximum entropy principle is applicable to the remaining fluctuating variables (denoted by βN+1 · · · βN˜);
iii) The scale-invariant restrictions are used in the maximization of the entropy.
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From this series of ansatzs results a singularity of the RDF that has immediate physical interpretation in terms of
the intermittency in turbulent plasmas. The derived RDF, F R, is more general than that currently used for fitting the
numerical steady-state solution describing various scenarios of magnetically confined plasmas [15]-[16]. By kinetic
theory, we have linked, and then fixed, the seven free parameters entering in F R with the external energy sources
and the (internal) entropy production source strength. To be more concrete, we have analyzed the case of, fully
ionized, magnetically confined plasmas. This work gives several perspectives. Through the thermodynamical field
theory (TFT) [3] it is possible to estimate the DDF when the nonlinear contributions cannot be neglected [5]. The
next task should be to establish the relation between the reference RDF herein derived with the one found by the
TFT. The solution of this difficult problem will contribute to provide a link between a microscopic description and a
macroscopic approach (TFT). Another problem to be solved is the possibility to improve the numerical fit by adding
new free parameters according to the principles exposed in this letter.
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